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I. INTRODUCTION 

 

Fractional differential equations have acquired important regard in the latest years due to their capability to model 

complex phenomena in several scientific and engineering fields, including fluid dynamics, viscoelasticity, signal 

processing, and singular diffusion. In particular, fractional diffusion-wave equations have been widely studied as they 

provide a more precise description of wave propagation and diffusion processes in heterogeneous and memory-

dependent media. Yet, the nonlinear nature of these equations presents a great challenge in finding exact or 

approximate solutions.  

 

Many analytical and numerical methods have been progressing to solve nonlinear fractional differential equations [6], 

including the Adomian Decomposition Method (ADM) [1], which gives a solution in terms of a quickly convergent 

power series, the Homotopy Analysis Method (HAM), and the Laplace Transform Method. While these techniques 

have proven to be efficient in definite cases, they often face restrictions in handling complex nonlinearities and 

guaranteeing rapid convergence.  

 

In the recent years, several authors, for example, Mainardi [3,4], Schneider and Wyss [5], and El-Sayed [2], have 

investigated the fractional diffusion-wave equation and its special properties. Fractional diffusion and wave equations 

have important applications to mathematical physics. Thus, the development of novel and efficient solution 

mechanisms remains a definitive area of research. 

 

In this paper, we present and explore the Abaoub-Shkheam Decomposition Method (QDM) as a novel method for 

solving nonlinear fractional diffusion-wave equations. The QDM extends the ability of existing decomposition methods 

by coupling elements of integral transforms and series expansion techniques, allowing for a more efficient treatment of 

fractional-order operators and nonlinear terms. By applying this method, we aim to provide a methodical and credible 

approach for getting approximate analytical solutions to nonlinear fractional diffusion-wave models. 

 

II. PRELIMINARIES 

II.2.  Basic Definitions 

Definition II.1. [8] 

 A real function f (t), t >  0 is said to be in the space Cα, α ∈ ℜ ;if there exists areal number ( P > α ) , such that 

f(t) =  tPf1(t).Where f1 ∈  C [0 , ∞). 
Clearly Cα ⊂ Cβ  if  β ≤  α. 

 

Definition II.2. [8] 

 A function f (t) , t >  0 is said to be in the space Cα
m ; m ∈ N ∪ {0}  if  f (m) ∈  Cα. 
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Definition II.3. [9] 

 The Riemann-Liouville (R-L) fractional integral of order α > 0 of a function f ∈  Cα   is defined as 

It
α

 a
 f(t) =

1

Г(α)
∫

f(τ)

(t − τ)−α+1

t

a

dτ,      t > 0. 

 

Definition II.4. [9] 

  The Caputo fractional derivatives of f(t)order α > 0 is defined as 

 

Dt
α

a
C  f(t) = It

n−α
a
 f (n)(t) =

{
 

 1

Γ(n − α)
∫(t − τ)n−α−1f (n)(τ)dτ,     n − 1 < α < n

t

a

f (n)(t)                                    , α = n,

 

where n ∈ ℕ. 
 The following are the basic properties of the operator Dt

α
a
C  : 

1. Dt
α

a
C  It

α
a
 f(t) =  f(t).  

2. It
α

a
 Dt

α
a
C  f(t) =  f(t) − ∑ f (k)(0)

tk

k!

n−1
k=0 . 

 

Definition II.5. [7] 

The Abaoub Shkheam transform is defined over the set of function 

ℬ = {f(t): ∃ N, k1, k2 > 0 , |f(t)| < Ne
(
|t|
kj
)
, j = 1,2;  t ∈ (−1)j × [0,∞), } 

by the following formula  

Q{f(t)} = lim
b→∞

∫ f(ut)e
−t
s dt

b

0

=  T (u, s). 

 

II.2.  Abaoub Shkheam  transform of Caputo Fractional Derivative  

Theorem. 1.  

     The Abaoub Shkheam transform of the Caputo fractional derivative is defined as 

 

Q{ Da
C

t
α(f(t))} =

T(v, s)

vα sα
−
1

v
 ∑  

n−1

k=0

f (k)(0)

(vs)α−k−1
 

where n − 1 < α < n , nϵℤ+. 
Proof 

 Since  

Da
C

t
α(f(t)) =  Ia

 
t
n−α  f (n)(t) =

1

Γ(n − α)
∫  

t

a

(t − τ)n−α−1f (n)(τ) dτ,  

Setting  g(t) =  f (n)(t), and applying Abaoub Shkheam transform on both sides of above equation 

Q{ Da
C

t
α(f(t))} = Q {

1

Γ(n − α)
∫  

t

a

(t − τ)n−α−1 g(τ) dτ} = 

                                                         =  
1

Γ(n − α)
 v Q{t n−α−1} Q{g(t)} =  vn−α sn−α Q{f (n)(t)} 

= 
𝑇(𝑣, 𝑠)

𝑣𝛼  𝑠𝛼
−
1

𝑣
 ∑  

𝑛−1

𝑘=0

𝑓(𝑘)(0)

(𝑣𝑠)𝛼−𝑘−1
. 

 

III. ANALYSIS OF THE METHOD 

 

Consider the following general form of nonlinear fractional partial differential equation : 

𝐷𝑡
𝛼𝑢(𝒙, 𝑡) =∑ 

𝑛

𝑖=1

𝑁𝑖(𝒙, 𝑡)
𝜕2𝑢(𝒙, 𝑡)

𝜕𝑥𝑖
2 + ∅(𝒙, 𝑡)𝑢𝑚(𝒙, 𝑡),                             (𝐼𝐼𝐼. 1) 
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where  𝑚 = 2,3, …,  𝒙 = (𝑥1, 𝑥2, … , 𝑥𝑛); 𝐷𝑡
𝛼 denotes the Caputo fractional derivative and 𝑁𝑖(𝒙, 𝑡) ∈ 𝐶𝛼. For 𝑚 = 0 or 

1  and 0 < 𝛼 < 1, (𝐼𝐼𝐼. 1) represents a nonlinear fractional diffusion equation, and  1 < 𝛼 < 2, (𝐼𝐼𝐼. 1) represents a 

nonlinear fractional wave equation (homogeneous if ∅(𝒙, 𝑡) = 0 and nonhomogeneous otherwise). 

 

III.1.  The Abaoub Shkheam decomposition Method For SolvingA nonlinear fractional diffusion-wave equation 

         Consider the following general form of a nonlinear fractional diffusion-wave equation with the specified initial 

condition:  

         𝐷𝑡
𝛼𝑢(𝒙, 𝑡) = ∑𝑁𝑖(𝒙, 𝑡)

𝜕2𝑢(𝒙, 𝑡)

𝜕𝑥𝑖
2 + ∅(𝒙, 𝑡)𝑢𝑚(𝒙, 𝑡),

𝑛

𝑖=1

                              (𝐼𝐼𝐼. 2) 

       𝑢(𝒙, 0) = 𝑓(𝒙),                                           0 < 𝛼 < 1                                      (𝐼𝐼𝐼. 3) 

        𝑢(𝒙, 0) = 𝑓(𝒙),
𝜕𝑢(𝒙, 0)

𝜕𝑡
= 𝑔(𝒙),     1 < 𝛼 < 2                                    (𝐼𝐼𝐼. 4) 

The process starts by applying the Q-transform to both sides of Equation (𝐼𝐼𝐼. 2). 

𝑄{𝐷𝑡
𝛼𝑢(𝒙, 𝑡)} = 𝑄 {∑𝑁𝑖(𝒙, 𝑡)

𝑛

𝑖=1

𝜕2𝑢(𝒙, 𝑡)

𝜕𝑥𝑖
2 } + 𝑄{∅(𝒙, 𝑡)𝑢𝑚(𝒙, 𝑡)}.                     (𝐼𝐼𝐼. 5) 

 

Case (i)  0 < 𝛼 < 1, then by  theorem (1), and (𝐼𝐼𝐼. 5), we get 

𝑄{𝑢(𝒙, 𝑡)} =
𝑠𝛼𝑣𝛼

𝑣
{
𝑓(𝒙)

(𝑠 𝑣)𝛼−1
} + 𝑣𝛼𝑠𝛼𝑄 {∑𝑁𝑖(𝒙, 𝑡)

𝜕2𝑢(𝒙, 𝑡)

𝜕𝑥𝑖
2

𝑛

𝑖=1

} 

                                                              + 𝑣𝛼𝑠𝛼𝑄{∅(𝒙, 𝑡)𝑢𝑚(𝒙, 𝑡)}.                                                           (𝐼𝐼𝐼. 6) 
 Using the inverse of Abaoub Shkheam transform on both sides of Eq. (𝐼𝐼𝐼. 6) gives 

𝑢(𝒙, 𝑡) = 𝑄−1{𝑠 𝑓(𝒙)} + 𝑄−1 {𝑣𝛼𝑠𝛼𝑄 [∑𝑁𝑖(𝒙, 𝑡)
𝜕2𝑢(𝒙, 𝑡)

𝜕𝑥𝑖
2

𝑛

𝑖=1

]} + 

                                                                           + 𝑄−1[𝑣𝛼𝑠𝛼𝑄 {∅(𝒙, 𝑡)𝑢𝑚(𝒙, 𝑡)}] .                                  (𝐼𝐼𝐼. 7) 
The next step is using the Adomian decomposition method  that  represent the solution 𝑢(𝒙, 𝑡)as an infinite series given 

by 

                          𝑢(𝒙, 𝑡) = ∑𝑢𝑛

∞

𝑛=0

(𝒙, 𝑡),                                                              (𝐼𝐼𝐼. 8) 

and the nonlinear term is decomposed as follows: 

                                         ∅(𝒙, 𝑡)𝑢𝑚(𝒙, 𝑡) = ∑𝐴𝑘,   

∞

𝑘=0

                                                                                   (𝐼𝐼𝐼. 9) 

where 𝐴𝑘 , 𝑘 ≥ 0  are the Adomian polynomials given by:  

𝐴𝑘 =
1

𝑘!

𝑑𝑘

𝑑𝛾𝑘
[(∑𝑢𝑛(𝒙, 𝑡)𝛾

𝑛

𝑘

𝑛=0

)

𝑚

]

𝛾=0

 , 𝑘 ≥ 0 

Substituting in  (𝐼𝐼𝐼. 7), we get 

 

∑𝑢𝑛

∞

𝑛=0

(𝒙, 𝑡) = 𝑄−1{𝑠 𝑓(𝒙)} + 𝑄−1 {𝑣𝛼𝑠𝛼𝑄 [∑𝑁𝑖(𝒙, 𝑡)
𝜕2

𝜕𝑥𝑖
2

𝑛

𝑖=1

∑𝑢𝑛

∞

𝑛=0

(𝒙, 𝑡)]} + 

                  + 𝑄−1 [𝑣𝛼𝑠𝛼𝑄 {∑𝐴𝑘(𝑢0, 𝑢1, … , 𝑢𝑘)   

∞

𝑘=0

}], 

where the components 𝑢𝑛(𝒙, 𝑡), 𝑛 ≥ 0 will be determined in a recursive manner 

 

𝑢0(𝒙, 𝑡) =  𝑄
−1{𝑠𝑓(𝒙)}   

𝑢𝑛+1(𝒙, 𝑡) =  𝑄
−1 {𝑣𝛼𝑠𝛼𝑄 [∑𝑁𝑖(𝒙, 𝑡)

𝜕2

𝜕𝑥𝑖
2

𝑛

𝑖=1

∑𝑢𝑛

∞

𝑛=0

(𝒙, 𝑡)]} +  𝑄−1 [𝑣𝛼𝑠𝛼𝑄 {∑𝐴𝑘(𝑢0, 𝑢1, … , 𝑢𝑘)   

∞

𝑘=0

}] 

Case (ii) if 1 < 𝛼 < 2, then by  theorem (1), and (𝐼𝐼𝐼. 5), we get 

    𝑄{𝑢(𝒙, 𝑡)} = 𝑠 𝑢(𝒙, 0) + 𝑣𝑠2
𝜕𝑢(𝒙, 0)

𝜕𝑡
+ 𝑣𝛼𝑠𝛼𝑄 {∑  

𝑛

𝑖=1

𝑁𝑖(𝒙, 𝑡)
𝜕2𝑢(𝒙, 𝑡)

𝜕𝑥𝑖
2 }  + 𝑣𝛼𝑠𝛼𝑄{∅(𝒙, 𝑡)𝑢𝑚(𝒙, 𝑡)}, (𝐼𝐼𝐼. 10) 
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Using the inverse of Abaoub Shkheam transform on both sides of Eq. (𝐼𝐼𝐼. 10) gives 

𝑢(𝒙, 𝑡) = 𝑄−1{𝑠 𝑓(𝒙)} + 𝑄−1{𝑣𝑠2𝑔(𝒙)} + 𝑄−1 {𝑣𝛼𝑠𝛼𝑄 [∑𝑁𝑖(𝒙, 𝑡)
𝜕2𝑢(𝒙, 𝑡)

𝜕𝑥𝑖
2

𝑛

𝑖=1

]} + 

+ 𝑄−1[𝑣𝛼𝑠𝛼𝑄 {∅(𝒙, 𝑡)𝑢𝑚(𝒙, 𝑡)}].                                   (𝐼𝐼𝐼. 11) 
Substituting in  (𝐼𝐼𝐼. 11), we get 

∑𝑢𝑛

∞

𝑛=0

(𝒙, 𝑡) = 𝑄−1{𝑠 𝑓(𝒙)} + 𝑄−1{𝑣𝑠2𝑔(𝒙)} + 𝑄−1 {𝑣𝛼𝑠𝛼𝑄 [∑𝑁𝑖(𝒙, 𝑡)
𝜕2

𝜕𝑥𝑖
2

𝑛

𝑖=1

∑𝑢𝑛

∞

𝑛=0

(𝒙, 𝑡)]} + 

+ 𝑄−1 [𝑣𝛼𝑠𝛼𝑄 {∑𝐴𝑘(𝑢0, 𝑢1, … , 𝑢𝑘)   

∞

𝑘=0

}] ,  

 

Following the Abaoub Shkheam decomposition method, define 

𝑢0(𝒙, 𝑡) =  𝑄
−1{𝑠𝑓(𝒙)} + 𝑄−1{𝑣𝑠2𝑔(𝒙)} 

𝑢𝑛+1(𝒙, 𝑡) =  𝑄
−1 {𝑣𝛼𝑠𝛼𝑄 [∑𝑁𝑖(𝒙, 𝑡)

𝜕2

𝜕𝑥𝑖
2

𝑛

𝑖=1

∑𝑢𝑛

∞

𝑛=0

(𝒙, 𝑡)]} + 𝑄−1 [𝑣𝛼𝑠𝛼𝑄 {∑𝐴𝑘(𝑢0, 𝑢1, … , 𝑢𝑘)   

∞

𝑘=0

}]. 

 

III.2.  Illustrative Examples      

      

  We introduce some examples to provide a comprehensive overview of this method 

Example. 1. 

Consider  the fractional wave equation  

𝐷𝑡
𝛼𝑢 − 𝑢𝑥𝑥 − 𝑢 + 𝑢

2 =  𝑥𝑡 + 𝑥2𝑡2 , 0 < 𝑥 < 1  , 𝑡 > 0                                                (𝐼𝐼𝐼. 12) 

𝑢(𝒙, 0) = 1   ,
𝜕𝑢(𝒙, 0)

𝜕𝑡
= 𝑥          ,   1 < 𝛼 < 2 .                                                                    (𝐼𝐼𝐼. 13) 

Taking  Abaoub – Shkheam transform of (𝐼𝐼𝐼. 12)  we have 

𝑄{𝐷𝑡
𝛼𝑢} = 𝑄{𝑢𝑥𝑥 + 𝑢 − 𝑢

2 + 𝑥𝑡 + 𝑥2𝑡2}, 
by  theorem (1), and using conditions (𝐼𝐼𝐼. 13), we get 

𝑄{𝑢(𝒙, 𝑡)} = 𝑠. 1 + 𝑣𝑠2. 𝑥 + 𝑣𝛼𝑠𝛼𝑄{𝑢𝑥𝑥 + 𝑢 − 𝑢
2 + 𝑥𝑡 + 𝑥2𝑡2} 

 

𝑄{𝑢(𝒙, 𝑡)} = 𝑠 + 𝑣𝑠2. 𝑥 + 𝑣𝛼𝑠𝛼𝑄{𝑢𝑥𝑥 + 𝑢 − 𝑢
2 + 𝑥𝑡 + 𝑥2𝑡2}. 

Using the inverse of Abaoub Shkheam transform on both sides of above equation gives 

            𝑢(𝒙, 𝑡) = 𝑄−1{𝑠 + 𝑣𝑠2. 𝑥 + 𝑣𝛼𝑠𝛼𝑄{𝑢𝑥𝑥 + 𝑢 − 𝑢
2 + 𝑥𝑡 + 𝑥2𝑡2}}.                                       (𝐼𝐼𝐼. 14) 

Substituting by (𝐼𝐼𝐼. 8) and (𝐼𝐼𝐼. 9) in  (𝐼𝐼𝐼. 14), we get 

∑𝑢𝑛

∞

𝑛=0

(𝒙, 𝑡) = 𝑄−1 {𝑠 + 𝑣𝑠2. 𝑥 + 𝑣𝛼𝑠𝛼𝑄 {
𝜕2

𝜕𝑥2
∑𝑢𝑛

∞

𝑛=0

(𝒙, 𝑡) +∑𝑢𝑛

∞

𝑛=0

(𝒙, 𝑡) −∑𝐴𝑘(𝑢0, 𝑢1, … , 𝑢𝑘)   

∞

𝑘=0

+ 𝑥𝑡 + 𝑥2𝑡2}} 

Following the Abaoub Shkheam decomposition method, define 

 

𝑢0(𝒙, 𝑡) = 𝑄
−1{𝑠} + 𝑥𝑄−1{𝑣𝑠2}, 

 

𝑢𝑘+1(𝒙, 𝑡) = 𝑄
−1 {(𝑣𝛼𝑠𝛼)𝑄 {

𝜕2𝑢𝑘(𝒙, 𝑡)

𝜕𝑥2
+ 𝑢𝑘 − 𝐴𝐾 + 𝑥𝑡 + 𝑥

2𝑡2}}. 

Consequently 

 

𝑢0(𝒙, 𝑡) = 1 + 𝑥𝑡. 
 

𝑢1(𝒙, 𝑡) = 𝑄
−1 {(𝑣𝛼  𝑠𝛼)𝑄 {

𝜕2𝑢0(𝑥̅, 𝑡)

𝜕𝑥2
+ 𝑢0 − 𝐴0 + 𝑥𝑡 + 𝑥

2𝑡2}} 

𝑢1(𝒙, 𝑡) = 𝑄
−1 {(𝑣𝛼  𝑠𝛼)𝑄 {

𝜕2

𝜕𝑥2
(1 + 𝑥𝑡) + (1 + 𝑥𝑡) − (1 + 𝑥𝑡  )2 + 𝑥𝑡 + 𝑥2𝑡2}} = 0 

 

𝑢𝑘+1(𝒙, 𝑡) = 0, 𝐹𝑜𝑟 𝑎𝑙𝑙  𝑘 ≥ 0. 
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Hence 

𝑢(𝒙, 𝑡) = ∑𝑢𝑛

∞

𝑛=0

(𝒙, 𝑡) = 1 + 𝑥𝑡. 

 

 

IV. CONCLUSION 

 

Fractional diffusion equations can be solved effectively and efficiently with the Abaoub–Shkheam Decomposition 

Method (QDM).  It offers quickly convergent series solutions without the computational difficulties of numerical 

approaches by fusing the Abaoub–Shkheam transform with the Adomian decomposition method.   

 

The approach is a useful tool in mathematical physics, as demonstrated by the examples, which demonstrate its 

accuracy and versatility for  nonlinear problems. This method's potential for wider applications in science and 

engineering is demonstrated by its ability to be adapted to more complicated systems. 
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