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INTRODUCTION

In the year 1951, E.C. Posner .al.[1], defined let R be an associative ring with identity and all modules are unitary, R,

and J (R) are denotes the matrix rings and Jacobson radical and the singular left ideal of R, author was first to prove

this, his proof was very difficult and complicated. His proof is purely ring-theoretic without bringing in modules, whether
his Corollary 5.12 is true without assuming the ring R has identity element. Actually, the answer is “yes”.

Definition: 1.1. For aring R is said to be left-primitive , the following conditions holds;

(i) if there exists a maximal left ideal 1 of R such that (I : R) =(0)
(ii) if there exists a simple faith full R — module.

Definition: 1.2. Let R be a ring. A non empty subset | of R is said to be a “lift ideal’ of R . If the following conditions
holds

(i) | is a subgroup of the additive group of R ,thatis Va,bel = a-bel
(iyvael, reR =rael

Definition: 1.3. A left ideal | of aring R is said to be a “maximal left ideal of a ring R », if the following conditions
holds;

(i) I=R
(ii) There are no left ideal of R between | andR . Thatisif J aleftideal of R, suchthat | —J R then either
J=1I1 orJ=R.

Example: 1.4. Every field, and more generally, every division ring is semi primitive. For, if D is any division ring, it has

no nontrivial ideals. Suppose J (D) = D .then 1 & J (D) which implies, by definition,1—1=0, right invertible in R
which is impossible. So, J(D)=0. Thus, D is semi primitive.
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Example: 1.5. Thering I of integers is semi primitive. For, leta € J([1) . Thenl—a isaunitin[] . Since 1 and -1 are
the only units in[] , it follows that eitherl—a=1or —1.1fl1—a=1, thena=0. Supposel—a=-1 .Thena = 2.

So2 € J(UJ). Hence 1—4 =—3isaunitin [J which is absurd. Hence J((J) =0. So [J is semi primitive.
We have the following proposition as an easy consequence of Proposition.

Proposition: 1.6. A ring R is Simi primitive if and only if the matrix ring Mn(R)
(for any positive integer N is semi primitive

Proof: Obvious

Proposition: 1.7. If R is a ring with an identity and let N € N be an integer then proves that E;;M (R)E;; =R

Proof: We first compute the elements of the sub—ring E;;M (R)E,;of M (R) . Let A= (a;) € M (R) , then for
1<i, j<n.

1 0 --- 0 a, a, a; - a, 1 .- 0

00 --- 0 a a a e Ay, 0O --- 0
Let E;, AE,; = Ey((a;))Ey = - :21 :22 :23 " 2 SR CHSH
00 ---0 a, a, a_n3 oA, 0O --- 0

Case (i).If, (' J) (111) EnAEn =(E,AE,) ZZ SN 11)|1=Z( By (B, =1a)1=2,

n
k=1 1=1 I=1

Case (ii), if (1, J) # (L, 1), In this case either i =1, or j #1, we assume that i =1,

(E11AE11 ij ZZ(Eu)ukam(En)u Z(En).lau(En)u 0(311)1 0
 AE. {au it G)=0Y
0 if (i,j)=@1)

Now we define a map, ¢:E; ;M (R)E,; = R as follows, Let, B € E; ;M (R)E, then B = E;; AE,,, for some
AeM (R) then B=a,E,; were A= (aij), we define, ¢(B) = a,, . We prove ¢ is well defined: Let, A= (a;)
and C =(c;)}eM (R),V1<i,j<n.since, E AE, =E CE, =a,E, =c,E, =a,=c,. Therefore

@(A) = @(C) . Hence, ¢ is well defined and it is easy to check that @ is ring homomorphism. We show that ¢ is
additive:

since, let EjAE, +E,CE,; =E,(A+C)E, implies ¢(E,AE, +E,CE,)=¢(E,(A+C)E,)
=(a, +¢,)=1(E,AE,)+¢#(E,CE,;) and also we claim ¢ is multiplicative: LetA,CeM_ (R), Let
E,AE, -E,,CE,, =E,,(AE,,C)E, thisimplies

#(E,AE,,-E,CE) =¢[E,(AE,,C)E ]1=4a,c, =d(E,AE,)#(E,CE,), ¢:isone—one: Enough to
prove that, Ker(¢) ={0}. Let Ae M, (R) such that #(E,,AE,;)=0
= E,AE, =0= a,E, =0= a, =0 . Hence, Ker(¢) ={0}.Hence, ¢ is one— one.
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aif (,))=@1121

o if (,)D=@1I
Let, B =aE,, thenB = E AE,,, where A=aE,, e M (R), letE, (aE,)E, =aE, =B in E;M_ (R)E,, and
¢(B)=a,=a. Thus, ¢ is a ring is isomorphism from the ring E M (R)E, onto the ringR. So,

E.M,(RE, = R.

¢:isonto, Let, a € R, Define ; :{ then A= (a;) e M (R)

Theorem: 1. 8. Suppose R is primitive ring then there is a division ring D such that, either

i) R isisomorphic with the ring D, = M (D) of all nx N matrices entries  from D, for some N . Or

i) There is an ascending chain R, c R, < ... of sub ring of Rand for each K an isomorphism
f:R, >D, =M, (D).

Proof: obvious

Theorem: 1.9. If “ € * is a nonzero idempotent in a left primitive ring R then € Re is also a left primitive ring.
Proof: Since, by hypothesis, R is right primitive, there exists a simple, faithful R —module, say, M . We now prove
that €M is a simple, faithful @ Re module.

(i) Since (eRe)eM =eR(eeM) =eReM < M, eM is a lefte Re— module, Also since M is faithful asan R —

module, eM #0.
(i) €M is simple : By Proposition 2.19, we need only prove that (€ Re)X =eM for each nonzero X in €M . So, let

X#0ceM(cM).ThenX=ex.Since M is simple by Proposition we haveRX=M . Hence
(eRe)x=eRx=eM . Thus, €M is simple as an € Re— module.

(iii) eM s faithful: Let a € @Re be such that(eM)a=0. Since M is faithful as an R —module, it follows that
ae=a=0.Thus eM is faithful. So, €M is a simple, faithful ¢ Re— module and hence € Re is a left primitive ring.

Before stating the corollaryl.11, we note that permittivity is preserved under isomorphism. For, if
f : R — R"isan isomorphism fromaring R ontoaring R'and if M is a simple, faithful R — module, then M with

the induced structure of R* — module given by r'rm=rm for me M, r* e R, ( note that for each r' e R! thereis
unique 1 € Rsuchthat f(r)=r")isalso asimple, faithful R* —module .

Corollary: 1.10. If R is a ring with identity and * N’ is a positive integer such that the matrix ring M, (R) is left
primitive then R itself is left primitive.
Proof: Follows from Theorem 1.12 and Theorem1.13 and the fact that permittivity is preserved under isomorphism’s.

We now prove the converse of the above corollary in the general case, that is, without assuming the existence of the
identity element of the ring.

Theorem: 1.11. Let R bearingand let R, =S be the matrix ring over R , then R is left primitive if and only if R, is
left primitive.

Proof: Only if: Since by hypothesis R is left primitive so then there exists a simple faithful left R —module say M .
We construct a simple faithful left S —module. Let M " be the n"™ direct power of M \We make M " as a leftS —

module, as follows: Let M" :{(xl,xz,---,xn)/xi eM,1<i< n}, A=((a;))eS.
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n
Define AX = (z aX,-- Zam ,j it is easy to check that M " because a left S —module. To prove:

M is faithful.

We need only prove thatann (M ") = (0), letAcann,(M") = AM" =0. Let A =0 .For this we need to
prove thata; =0, V i,j=1 2,...,n. Letl< p, g <n.We prove thata,, =0. Since by hypothesis M is
faithful. It suffices to prove thatMa , =0:

Let me M and let X=(X, X,, -+, X,) €M" wherex;, =0, Vi p and X, =m. By hypothesis AX =0,
but AX :(Zn:auxw Zalq Ly Za,n ,J implies ZauxI =0 for j=1,2,...n. In particular Zn:aquI =0

i=1

:aqux =0=a,,m=0. Since, me M was arbitrarily chosen, it follows that ma,, =0, v me M
i=1

=Ma,, =0=a, =0.since Mg is faithful and since, p,qe{L,2,...,n}where arbitrarily chosen it follows

thata; =0, V i, j=1,2,...,n Hence, A=0 so, M is faithful.. We Claim M ¢ is simple;

We first prove that sinceM = (0). So M" now we need only prove thatSx=M" ¥V x=0eM". So

I pefl2,...,n}suchthatx, # 0 eM . Since My is simple, we get that RX, = M . We Claim SX =M" . It’s

clearly SX cM". LetY =(Y,, Y5, .-y ¥, ) €M" Now, forl<i<n, y,eM = RX,, So Y, =X, forsome
: 0, if i=p

reR, forl<i<n .Define, A= ((aij))e S as a; ={ . . . Then,

i I, if i=p 1<j<n

X:[Z:a”xi" Zam, j—( X X ) = (X0, 10 ) = (Vo Voo o V) =Y

. Thus,Y = AX € SX , hence M" = S. So,SX =M".Hence, M is simple. So, M " is a simple faithful left
S — module, so, S = R, is left primitive.
If: Claim: R has identity element in this case E,SE; R because
E,M. (R)E, = {Ae M.,(R)/a;=0, V (i, J) =4 1)} .Now our assertion is trivial. General Case: Let M be
asimple faithful left R, — module, then

i) RM =M (. by definition is simple ;M =M)

ii)ifmeM and Rm=0, then m=0
Let 1<i<n definel :{A:(aij)eRn la;=0, Vi= p}. Clearly, 1, is a left ideal of R and
R,=lL+1,+1,4+ ...+ 1,. [ R is left primitive;e =€° = 0 € R]=> €Re is left primitive; if M is simple
faithful. eRe(eM) = (eRee)M =e(ReM) ceM (..eM =0)
a(eM)=0 =aeM =aM (.-aceRe).Nextdefineforl<q<n, J ={A=(ayj) eR, /a;=0 V] ;tq}
.Clearly; J, isaleftidealof R andR =J,+J,+J;+ ...+ J Aol J, =0, V r=se{l, 2,..., n}.The
map ¢: R — R, defined by, ¢(r)=Ir , Vr e R, isembedding of Rinto R, and then R* = ¢ (R) isasubring
of R, isomorphic to R. So, we can identity Ras a sub ring of R, with the scalar matrix Ir inR_ . Let

M, =JM for 1<i<n thenclearly M, is R—module because R"J, = J,. ("~ R Means R —module).We
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can consider M is an R —module with the induced structure. We Claim M =M, @M, @M, &M, D---©M
(3 R—module).Let M =M; +M, +...+M_ .NowM =RM=JM+J,M +IJ,M +---+J M

=M, +M,+M;+---+M_. Sum is direct; Let X; €M, for 1<i<n be such that
X+ Xy + X Aeeeeee +X%,=0. Claim:x, =0, V i=12,...,n. Letl<p<n, we prove that X, =0 Now
Xp=—(X + X, +Xg+--+ X, ++X ), If iz pfl 2 ..., n}then Iix, e ;M =1, M =(0)
= 1;x,=0,V ie{l,2, ..., n} {p} Also,
X = [+ 4 X+ %3 = (0= 1%, =0,V i=1,2, .., n.=Rx,=(0) = x,=0.Thus
X=0,vi=12..,nsoM=M&M, &M, M, D------ ®M

a;; if j=p=q
A=(@) =R, 1sp=asn AP =(@f)). af=1a, i j=q
aiq If j= p
a. =0, i =
If Ael, then APY €J | j=aq, (ai(_p,q)): ig J P
q J a; =0, 1#0p

1<p#q#r<n, Ael, (A‘p"‘))(q’r) =AP"  (Note: (A(p"‘))(pm =A). r" column of A®" is p”
column of A, s#=r, j" column of A®? is 0 (zero) for 1<i, j<n we define R —isomorphism
fi =M, > M, We take f; =1d,, .So, letl< p=q<n and defineamap f,, : M, — M, as follows: Let
XeM_ =J M then X=AX +AX, + AX;+--+AX, X eM;, Ael ,1<i<n.

Define qu(x)zﬁl(p"‘)XlJrAz(p'q)Xz+A3(p’q)X3+ ------ + APy eJM=M,. f, iswell defining map:
Suppose, X = AX, + AX, + AXy +--ee +AX =By, +B,Yy, +Bys +--- +By,

where X;, y;e M;, A, BjeJ,, 1<i<k, 1<j<I  implies

AX + AKX, + AXy ++ AX — By, —B,y, =By, —-- —y,B, =0.

Claim: AI(F),Q)X1+ AZ(FLQ)X2 +A3(D,Q)X3 Foeenns + Ak(p,Q)Xk — Bl(DYQ)y1 + BZ(D,Q)y2 + BS(p,(l)y3 I + Bl(pmyl
Let, M= AX +AX, + AXy +--ee-- +AX, —By, —B,y,—-Byy, —----- —Y,B, =0.We need only prove that
m=0. For this it suffices to prove thatR m=(0). For this we need to prove that

(rEuv)m=0, V reR, 1<u,v<n. Let reR,1<u,v<n.we first note that, if Ae J, then,
(rg,,)A=(0) . If u=q (- rg,el, and 1,3,=(0) if u=q).So,
(rg,)m=0ifu=q (- AP gPD) eJ,, Vi=L...,k; j=1...,1). So, we need to prove that, (rE,, )m =0
But (rE,,) (A% +AX, +AX, +-+AX —By, —B,y,—B,y,—--—y,B ) =0

We note that A€ R, then A(TE ;) = (rqu)A(pq) :

Clearly, (A1X1+A§X2 +AX + -+ AX —BY, - By, - By, —- _lel)ZO'

Thus (rE,)m=0, VreR,1<u,v<n.=>Rm=0=m=0. Clearly, f, isR—homomorphism. Hence,

. . . (ar)
f,q is R—iso-morphism.. Clearly, f - f =T |: (A(pq)) = A‘pr)} :
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Clearly, M, # (0),V i=L1---,n (- M, = J,M at least one element present in J;M ).

Claim: M, is simple faithful left R—module. LetM, =RM,. NowM, cM =R M =(R,M), =R*M
=3+, +...+3) (L+L,+...+1)M
chIM+ILIM+-+J I M (-1, =0,V izje{l....,n}) =RM, +RM, +---+RM

a 0)fc d ac ad
In particular case, ifn =2 ; J, LM < RM, +RM,, Let Xe M, X= X=
b 0)l0 O bc  bd

(e ofo )bl ol M 8o &)e-{e ol Sfo Sl o)

K fai O0)fci di) .
e MJR+MJ,R=M,R+M,R.In generalz i ollo o Xi . Thus M; cRM, +RM, +---+RM, . Since, the
i1

sum on RHS is direct it follows that M, = RM .

Claim: (M, )R is faithful: Let, @ € R, besuch that aM, = (0) = aM,; =(0) ,V i=12,...,n , thisimpliesw
(@M =)= al=0=a=0.Claim: (Ml)R is simple. Let N be an R — sub module of M, .

Claim: N, + f,(N)+ fa(N)+...+ f, (N) is an R —sub module of M .
(N, =M, f,(N)=M,, ..., T,(N)cM,) . In particular casen =2, enough to prove that
NJ, + f,(N)J, = N, + f,,(N), (-NcM, =M, f,(N)c M, =J,M)

a b
= I,L,N=0) and I, f,(N)=(0), xeN, and yele(N),A:(C djeR2 then

a b a b 00
c d (x+y)= 0 0 X+ c d y.NowxeNcM,=IM,ye f,(N)cM,=J,M.

P q 00
We may assume, X = 0 o uandy= Fos v, forsome u,veM, p,q,r,seR
So,nowaox=aO p0u=apaqu=paqau+0 0u
b 0 b 0/)lg O bp bq 0 O bp bq
a 0)\(p ¢ b 0)(0 O o 0 ¢
=[0 a}(o OJLH[O b][p q]u=ax+bf12(x)eN+1‘12(N).S|m||ar|y, y[o d]eN+fu(N).

a b
50 (C dj(x+y)EN+ fi(N) . Thus, N+ f,(N)+...+ f, (N) is an R, —sub module of M .

Since by hypothesis M is an R —simple it follows that either N + f,(N)+...+ f,(N)=(0) or M
=N=(0) or N =M, Thisprovesour claimthat M" is faithful M (R) —module. Thus, M " is simple
faithful M, (R)— module. So, M (R) is a left primitive ring.

Theorem: 1.12. For aring R the following conditions are equivalent.

(i) R is left primitive
(i) There exists a maximal left ideal ¥ of R such that(¥: R) =0.
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Proof: (i) = (i) By hypothesis, there exists a simple, faithful R — module, say, M. By Proposition 3.9, M isomorphic
to the factor module R /¥ for some modular maximal left ideal ¥ of R . Then, by the remark after Definition 3.5,
O=anny,(M) =ann,(R/N)=(X:R). This proves our required assertion.

(if)= (i):By hypothesis, there exists a maximal left ideal ¥ of R such that (¥ : R) = 0.Consider the factor module
R/N. As observed above, by hypothesis, ann,(R/¥&) =&:R=0. We need only prove that R/N. By the
Correspondence Theorem, R/, has no nontrivial sub modules. It remains to prove that R(R /%) # 0. Suppose the
contrary. ThenR < ann, (R/NX)=(X:R)=0, by hypothesis, which forces R =0, which is impossible. So

R(R/%) # 0 which proves that R/ is simple. Thus, R/ is a simple, faithful R — module. This proves that R
is left primitive.
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