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INTRODUCTION 

 

In the year 1951, E.C. Posner .al.[1],  defined let R be an associative ring with identity and all modules are unitary, nR

and ( )J R  are denotes the matrix rings and Jacobson radical and the singular left ideal of R, author was first to prove 

this, his proof was very difficult and complicated. His proof is purely ring-theoretic without bringing in modules, whether  

his Corollary 5.12 is true without assuming the ring R  has identity element. Actually, the answer is “yes”. 

 

Definition: 1.1. For a ring R  is said to be left-primitive , the following conditions holds; 

 

(i) if there exists a maximal left ideal I  of R  such that ( : ) (0)I R =  

(ii) if there exists a simple faith full R −  module. 

 

Definition: 1.2. Let R be a ring. A non empty subset I of R is said to be a ‘lift ideal’ of R . If the following conditions 

holds 

 

(i) I is a subgroup of the additive group of R , that is ,a b I a b I   −   

(ii) ,a I r R ra I      

 

Definition: 1.3. A left ideal I of a ring R is said to be a “maximal left ideal of a ring R ”, if the following conditions 

holds; 

 

( )i I R  

( )ii There are no left ideal of R between I  and R . That is if J a left ideal of  R , such that   I J R   then either

J I=  or J R= . 

 

Example: 1.4. Every field, and more generally, every division ring is semi primitive. For, if D is any division ring, it has 

no nontrivial ideals. Suppose ( )J D D= .then 1 ( )J D which implies, by definition,1 1 0− = , right invertible in R

which is impossible. So, ( ) 0J D = . Thus, D is semi primitive.  
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Example: 1.5. The ring of integers is semi primitive. For, let ( )a J . Then1 a− is a unit in . Since 1 and –1 are 

the only units in , it follows that either1 1 1a or− = − . If1 1a− = , then 0a = . Suppose1 1a− = −  .Then 2a = . 

So 2 ( ).J  Hence 1 4 3− = − is a unit in  which is absurd. Hence  ( )J  = 0.  So  is semi primitive. 

        We have the following proposition as an easy consequence of Proposition. 

 

Proposition: 1.6.  A ring R is Simi primitive if and only if the matrix ring ( )nM R   

(for any positive integer n ) is semi primitive 

 

Proof: Obvious  

 

Proposition: 1.7. If R  is a ring with an identity and let Nn  be an integer then proves that 11 11( )nE M R E R . 

 

Proof: We first compute the elements of the sub − ring 11 11( )nE M R E of ( )nM R . Let ( ) ( )ij nA a M R=   , then for

1 , .i j n   

 

Let 11111111 ))(( EaEAEE ij=

11 12 13 1

21 22 23 2

11 11

1 2 3

1 0 0 1 0

0 0 0 0 0

0 0 0 0 0

n

n

n n n nn

a a a a

a a a a
a E

a a a a

    
    
    = =
    
    

    

            

 

Case (i).If, )1,1(),( =ji , 11 11 11 11 11 11 1 11 1 11 1 11 1 11 11

1 1 1

( ) ( ) ( ) ( ) ( ) ( ) 1( )1
n n n

ij k kl l l ll l

k l l

E AE E AE E a E E a E a a
= = =

= = = = =    

 

Case (ii), if  ( , ) (1,1)i j  , In this case either ,1i or 1j , we assume that  ,1i  

 

11 11 11 11 11 11 11

1 1 1

( ) ( ) ( ) ( ) ( ) 0( )1 0
n n n

ij ik kl lj il ll lj

k l l

E AE E a E E a E a
= = =

= = = =   

 

      
11

11 11

( , ) (1, 1)

0 ( , ) (1, 1)

a if i j
E AE

if i j

=
 = 


 

 

Now we define a map, 11 11: ( )nE M R E R →  as follows, Let, 11 11( )nB E M R E then 1111 AEEB = , for some 

( )nA M R  then 1111EaB =  were )(aijA = , we define, 11)( aB = . We prove   is well defined: Let, ( )ijA a=  

and ( )} ( ) , 1 ,ij nC c M R i j n=     . Since,  11 11 11 11 11 11 11 11 11 11E AE E CE a E c E a c=  =  = . Therefore

( ) ( )A C = . Hence,   is well defined and it is easy to check that   is ring homomorphism. We show that    is 

additive: 

 

 Since,  let 11 11 11 11 11 11( )E AE E CE E A C E+ = +  implies 11 11 11 11 11 11( ) ( ( ) )E AE E CE E A C E + = +  

11 11 11 11 11 11( ) ( ) ( )a c E AE E CE = + = +  and also we claim   is multiplicative:   Let , ( )nA C M R , Let 

11111111111111 )( ECAEECEEAEE =  this implies 

11 11 11 11 11 11 11 11 11 11 11 11 11( ) [ ( ) ] ( ) ( )E AE E CE E AE C E a c E AE E CE    = = = ,   : is one − one:  Enough to 

prove that, ( ) {0}Ker  = . Let ( )nA M R  such that 11 11( ) 0E AE =  

11 11 11 11 110 0 0E AE a E a =  =  =  . Hence, ( ) {0}Ker  = .Hence,  is one − one. 
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 : is onto, Let, ,a R   Define 
( , ) (1, 1)

0 ( , ) (1, 1)
ij

a if i j
a

if i j

=
= 


   then ( ) ( )ij nA a M R=   

Let, 11aEB =  then 1111 AEEB = , where 11 ( )nA aE M R=  , let
11 11 11 11( )E aE E aE B= =  in 11 11( )nE M R E , and 

11( )B a a = = . Thus,   is a ring is isomorphism from the ring 11 11( )nE M R E  onto the ring R . So,

11 11( ) .nE M R E R  

 

Theorem: 1. 8. Suppose R  is primitive ring then there is a division ring D  such that, either 

 

i) R is isomorphic with the ring )(DMD nn =  of all nn  matrices entries     from D , for some n  . Or 

ii) There is an ascending chain 1 2R R   of sub ring of R and for each k  an isomorphism

: ( )k k k kf R D M D→ = . 

Proof: obvious 

 

Theorem: 1.9. If ‘ e ’ is a nonzero idempotent in a left primitive ring R  then Ree is also a left primitive ring.  

Proof: Since, by hypothesis, R is right primitive, there exists a simple, faithful R −module, say, M . We now prove 

that eM is a simple, faithful Ree  module. 

 

(i) Since ( Re) R(e ) Ree eM e eM e M M= =  , eM is a left Ree − module, Also since M is faithful as an R −

module, 0eM  .   

(ii)  eM is simple : By Proposition 2.19, we need only prove that ( Re)e x eM=  for each nonzero x  in eM . So, let 

0 ( )x eM M   .Then x ex= .Since M  is simple by Proposition we have Rx M= . Hence 

( Re)e x eRx eM= = . Thus, eM is simple as an Ree − module. 

(iii) eM  is faithful: Let Rea e  be such that ( ) 0eM a = . Since M is faithful as an R −module, it follows that 

0ae a= = . Thus eM is faithful. So, eM is a simple, faithful Ree − module and hence Ree  is a left primitive ring. 

 

                     Before stating the corollary1.11, we note that permittivity is preserved under isomorphism. For, if
1:f R R→  is an isomorphism from a ring R  onto a ring 

1R and if M is a simple, faithful R − module, then M with 

the induced structure of 
1R − module given by 

1r m rm=  for 
1 1,m M r R  ,  ( note that for each 

1 1r R  there is 

unique r R such that 
1( )f r r= ) is also a simple, faithful 

1R − module .  

 

Corollary: 1.10. If R  is a ring with identity and ‘ n ’ is a positive integer such that the matrix ring ( )nM R is left 

primitive then R  itself is left primitive.   

 

Proof: Follows from Theorem 1.12 and Theorem1.13 and the fact that permittivity is preserved under isomorphism’s. 

                           

We now prove the converse of the above corollary in the general case, that is, without assuming the existence of the 

identity element of the ring. 

 

 

Theorem: 1.11. Let R  be a ring and let nR S=  be the matrix ring over R , then R is left primitive if and only if nR  is 

left primitive. 

 

Proof: Only if: Since by hypothesis R  is left primitive so then there exists a simple faithful left R −module say M . 

We construct a simple faithful left S − module. Let 
nM  be the 

thn direct power of M .We make 
nM  as a left S −

module, as follows: Let  1 2( , , , ) / , 1 , (( ))n

n i ijM x x x x M i n A a S=    =  . 
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Define 1

1 1

, ,
n n

n

i i in i

i i

AX a x a x M
= =

 
=  
 
    it is easy to check that 

nM  because a left S − module.  To prove: 

n

SM  is faithful. 

We need only prove that )0()( =n

s Mann , let )( n

s MannA 0nAM = . Let   0=A .For this we need to 

prove that njiaij ,,2,1,,0 == . Let nqp  ,1 .We prove that 0=pqa .  Since by hypothesis RM  is 

faithful. It suffices to prove that 0=pqMa : 

Let Mm  and let 1 2( , , , ) n

nx x x x M=   where mxandpix pi == ,0 . By hypothesis 0AX = , 

but 1

1 1 1

, , , ,
n n n

i i iq i in i

i i i

AX a x a x a x
= = =

 
=  
 
    implies  

1

0
n

ij i

i

a x
=

=  for 1,2,j n= . In particular 

1

0
n

pq i

i

a x
=

=  

1

0 0
n

pq i pq

i

a x a m
=

 =  = . Since, Mm  was arbitrarily chosen, it follows that Mmma pq = ,0

0= pqMa 0= pqa . Since RM  is faithful and since, },,2,1{, nqp  where arbitrarily chosen it follows 

that njiaij ,,2,1,,0 == .Hence, 0=A  so, 
n

SM  is faithful.. We Claim
n

SM  is simple; 

We first prove that since )0(M . So 
nM  now we need only prove that 0n nSx M x M=    .  So 

},,2,1{ np   such that Mx p  0 . Since RM  is simple, we get that pRx M= . We Claim
nSX M= . It’s 

clearly
nSX M . Let 

n

n MyyyY = ),,,( 21     .Now, for1 , i pi n y M Rx   = ,   So  i i py r x=  for some

ir R , for ni 1 .Define, ( ) SaA ij = )(  as  
0,

, 1ij

j

if i p
a

r if i p j n


= 

  
  Then, 

( ) ( ) ( )1 1 1 1 2

1 1

, , , , , , , , ,
n n

i i in i p p pn p p pn n

i i

AX a x a x a x a x r x rx y y y Y
= =

 
= = = = = 
 
  .                                              

. Thus,Y AX SX=  , hence SM n  . So, .nSX M= Hence, 
n

SM  is simple. So, 
nM  is a simple faithful left 

S − module, so, nS R= is left primitive. 

If: Claim: R has identity element in this case 11 11E S E R  because 

 11 11( ) ( ) / 0, ( , ) (1, 1)n n ijE M R E A M R a i j=  =   .Now our assertion is trivial. General Case: Let M  be 

a simple faithful left nR − module, then 

 ) ni R M M=  ( )Rby definition is simple M M=  

 ii) If 0, 0nm M and R m then m = =  

Let  ni 1  define  ( ) / 0,p ij n ijI A a R a i p= =  =   . Clearly, pI  is a left ideal of nR  and

1 2 3n nR I I I I= + + + + . [ R  is left primitive;
2 0e e R=   ] eRe  is left primitive; if 

R
M  is simple 

faithful. ( ) ( Re ) (Re ) ( 0)eRe eM e e M e M eM eM= =     

( ) 0 ( )a eM aeM aM a eRe=  =  . Next define for nq 1 ,   ( ) / 0q ij n ijJ A a R a j q= =  =  

. Clearly; qJ  is a left ideal of nR  and 1 2 3n nR J J J J= + + + + . Also 0 , {1, 2, , }s rI J r s n=    .The 

map : nR R →  defined by, ( ) ,r Ir r R =   , is embedding of R into nR , and then ( )R R =   is a sub ring 

of nR   isomorphic to R .  So, we can identity R as a sub ring of R , with the scalar matrix Ir  in nR . Let

1i iM J M for i n=    then clearly iM  is R −module because i iR J J  .   ( R Means R −module).We 
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can consider M  is an R −module with the induced structure. We Claim 1 2 3 4 nM M M M M M=     

(as R −module). Let nMMMM +++= 21 . Now 1 2 3n nM R M J M J M J M J M= = + + + +  

1 2 3 nM M M M= + + + + . Sum is direct; Let ii Mx   for ni 1  be such that 

1 2 3 0nx x x x+ + + + = . Claim: 0, 1,2, , .ix i n=  =  Let , we prove that 
. 

Now

1 2 3( )p p nx x x x x x= − + + + + + + , If },,2,1{ npi  then (0)i p i p i pI x I M I J M = =

0, {1,2, , } { }i pI x i n p =    Also, 

1 2{ } (0) 0, 1, 2, , . (0)p p p p n i p n pI x I x x x x I x i n R x = − + + + + + =  =  =  =   0px = .Thus

0, 1, 2, , .ix i n=  = So, 1 2 3 4 nM M M M M M=       

( )( , ) ( )(( )) , 1 , ( )p q pq

ij n ijA a R p q n A a=     = ,  









=

=



=

pjifa

qjifa

qpjifa

a

iq

ip

ij

pq

ij

,

)(
 

If  pJA  then q

qp JA ),(
,  ( )







=

==
=

pja

pja
aqj

ij

iqqp

ij
,0

,0
, ),(

 

nrqp 1 ,  ( ) ( )
( , ) ( , )

( , ) ( , ) ( , ), ( : )
q r p q

p q p r p q

pA J A A Note A A = = . 
thr column of 

),( rpA  is 
thp  

column of 
thjrsA ,,   column of 

),( rpA  is 0  (zero) for nji  ,1  we define R − isomorphism 

jiij MMf →= .We take
iMii df 1= .So, let nqp 1  and define a map qppq MMf →: , as follows: Let 

p px M J M =  then 1 1 2 2 3 3 , , , 1k k i i i px A x A x A x A x x M A J i n= + + + +      . 

Define  
( , ) ( , ) ( , ) ( , )

1 1 2 2 3 3( ) p q p q p q p q

pq k k q qf x A x A x A x A x J M M= + + + +  = . pqf  is well defining map: 

Suppose, 1 1 2 2 3 3 1 1 2 2 3 3k k l lx A x A x A x A x B y B y B y B y= + + + + = + + + +  

where  ljkiJBAMyx pjiiii  1,1,,,,  , implies  

1 1 2 2 3 3 1 1 2 2 3 3 0k k l lA x A x A x A x B y B y B y y B+ + + + − − − − − = .  

 

Claim: 
( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )

1 1 2 2 3 3 1 1 2 2 3 3

p q p q p q p q p q p q p q p q

k k l lA x A x A x A x B y B y B y B y+ + + + = + + + +

Let, 1 1 2 2 3 3 1 1 2 2 3 3 0.k k l lm A x A x A x A x B y B y B y y B= + + + + − − − − − = We need only prove that

0=m .  For this it suffices to prove that (0)nR m = .  For this we need to prove that

( ) 0, , 1 ,uvrE m r R u v n=     . Let , 1 , .r R u v n   we first note that, if qJA  then, 

( ) (0)uvrE A =  .   If  ( (0) )uv u u qu q rE I and I J if u q  =  .So, 

( ) ( )( ) 0 ( , , 1, , ; 1, , )pq pq

uv qrE m if u q A B J i k j l=    = = . So, we need to prove that, ( ) 0qvrE m =

.But ( )1 1 2 2 3 3 1 1 2 2 3 3( ) 0pv k k l lrE A x A x A x A x B y B y B y y B+ + + + − − − − − =  

We note that nA R , then
( )( ) ( ) pq

pj qjA rE rE A= .  

 

Clearly, ( )1 1 2 2 3 3 1 1 2 2 3 3 0k k l lA x A x A x A x B y B y B y y B+ + + + − − − − − = .   

 

Thus ( ) 0, , 1 , . 0 0uv nrE m r R u v n R m m=      =  = . Clearly, pqf  is R − homomorphism. Hence, 

pqf  is R − iso-morphism..  Clearly, ( )
( )

( ) ( )
qr

pq pr

qr pq prf f f A A  = =
  

 .  

np 1 0=px
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Clearly, (0), 1, ,iM i n  = ( i iM J M= at least one element present in ).iJ M   

 

Claim: 1M  is simple faithful left R −module. Let 1 1M RM= . Now
2

1 ( )n n n nM M R M R M R M = = =  

1 2 1 2( ) ( )n nJ J J I I I M= + + + + + +  

1 1 2 2 n nJ I M J I M J I M + + + ( 0, {1, , })i iJ I i j n=    1 2 nRM RM RM= + + +   

 

In particular case, if 2=n ; 1 1 1 2J I M RM RM +   Let 
0

,
0 0 0

a c d ac ad
x M x x

b bc bd

    
 = =    

    
 

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

ac ad a c a d a c a d
x x x x

bc bd b c b d b c b d

                    
+ = + = +                    

                    

1 2 1 2MJ R MJ R M R M R + = + .In general
1

0

0 0 0

k

i

ai ci di
xi

bi=

  
  
  

 . Thus 1 1 2 nM RM RM RM + + +  . Since, the 

sum on RHS is direct it follows that 1 1M RM= .  

 

Claim: ( )1M R  is faithful: Let, a R , be such that 1 (0)aM = (0) , 1,2, ,iaM i n =  =  , this impliesw 

( ) (0)aI M = 0aI = 0= a . Claim: ( )1M R  is simple. Let N  be an R −  sub module of 1M . 

 

 Claim:  )()()( 113121 NfNfNfN n++++   is an R − sub module of M . 

))(,,)(,( 121211 nn MNfMNfMN    . In particular case 2=n , enough to prove that 

)()( 1212121 NfNJNfNJ ++ , 1 1 12 2 2( , ( ) )N M J M f N M J M =  =    

2 1 12(0) ( ) (0)I N and I f N = =  ,     12 2, ( ) ,
a b

x N and y f N A R
c d

 
  =  

 
 then  

0 0
( )

0 0

a b a b
x y x y

c d c d

     
+ = +     

     
. Now 1 1 12 2 2, ( )x N M J M y f N M J M  =   = . 

We may assume, 
0 0

0 0

p q
x u and y v

r s

   
= =   
   

, for some , , , , ,u v M p q r s R   

So, now
0 0 0

0 0 0

a a p
x u

b b q

     
=     

     

ap aq
u

bp bq

 
= 
 

0 0

0 0

pa qa
u u

bp bq

   
= +   
   

 

12 12

0 0 0 0
( ) ( )

0 0 0 0

a p q b
u u ax bf x N f N

a b p q

       
= + = +  +       
       

. Similarly, 12

0
( )

0

c
y N f N

d

 
 + 

 
. 

So, 12( ) ( )
a b

x y N f N
c d

 
+  + 

 
. Thus,  )()( 112 NfNfN n+++   is an nR − sub module of M . 

Since by hypothesis M  is an nR − simple it follows that either )0()()( 112 =+++ NfNfN n  Or  M

1)0( MNorN == .This proves our claim that
nM  is faithful ( )nM R −module. Thus, 

nM  is simple 

faithful ( )nM R − module. So, ( )nM R  is a left primitive ring.  

 

Theorem: 1.12. For a ring R  the following conditions are equivalent. 

(i) R  is left primitive  

(ii)There exists a maximal left ideal   of R  such that ( : ) 0R = . 
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Proof:  )()( iii  By hypothesis, there exists a simple, faithful R − module, say, M. By Proposition 3.9, M isomorphic 

to the factor module /R   for some modular maximal left ideal   of R . Then, by the remark after Definition 3.5, 

0 ( ) ( / ) ( : )R Rann M ann R R= =  =  . This proves our required assertion.   

(ii) (i):By hypothesis, there exists a maximal left ideal  of R such that ( : ) 0R = .Consider the factor module 

/R  . As observed above, by hypothesis, ( / ) : 0Rann R R = = . We need only prove that /R  . By the 

Correspondence Theorem, /R  , has no nontrivial sub modules. It remains to prove that ( / ) 0R R   . Suppose the 

contrary. Then ( / ) ( : ) 0RR ann R R  =  = , by hypothesis, which forces 0R = , which is impossible. So

( / ) 0R R    which proves that /R   is simple. Thus, /R   is a simple, faithful R − module. This proves that R

is left primitive. 

 

REFERENCES 

 

[1] Aaithy M. F. and I. G.  Mc  Donald :  Introduction to Commutative Algebra 

 University of Oxford, Addison Wesley Publication & Co. 

[2] Carl Faith  : Rings and Things and a Fine Array of twentieth century Associative Algebra , American Mathematical 

Society 

[3]  C. Musili  : Introduction to Rings and Modules Narosa Publishing House, New Delhi 

[4] Denis Serre :   Matrices Theory and Application Springer Publications. 

[5] E. T. Copson : Matrix Space Cambridge University Press                                                    

[6] Gopalakrishna : University Algebra New Age International Pvt. Ltd., New Delhi                    

[7] I. N. Herestein : Topics in Algebra Vikas Publications, Delhi.                                                                                 

[8] Louis H. Rowen : Ring Theory Vol. I and II Academic Press, INC. New York  

[9] Miles Ride: Undergraduate Commutative Algebra London Mathematical Society.            

[10] N. Jacobson:  Structure of Rings American Mathematical Society (1956). 

[11] Neal H. McCoy :The Theory of Rings Macmillon Company, new York 

[12] T. Y. Blyth and E. F. Robertson : Matrices and Vector Space New York Champan and Hall Ltd.                                                                                                       

[13] T. Y. Lam: A First Course in Non-Commutative Rings, Springer Verlag Publication      

[14]  E. C. Posner :  Primitivity Matrix Rings Arch. Math. Vol. 12, 97-101 (1961) 

[15] S. M. Kaye :   Ring Theoretic Properties of Matrix  Rings Canad.  Math., Bull. Vol. 10, No. 3, 365 - 374 (1967)                                 

[16] Yuzo Utumi:  On Continuous Rings and Self Injective Rings (') Trans. American Math. Soc.,  Vol. 118, 158-173 

(June 1965). 

https://ijireeice.com/
https://ijireeice.com/

